Abstract: This paper proposes an optimal power consumption algorithm applied to the gait of a mobile robot. A prototype of a mobile robot is used to show the functionality of the method. For that, the model of the mobile robot was written using the Principle of Virtual Work or Principle of d'Alembert. A numerical example is included to illustrate the use of the proposed algorithm to obtain an optimal energy solution for a simple path.
INTRODUCTION
Mobile robots need locomotion mechanisms that enable them to move throughout their environments. Since there is a large variety of possible ways of motion, the careful selection of a locomotion politics is an important feature of mobile robot operation. In the class of mobile robots both wheeled and legged robots can be found. Although wheeled robots are generally fuel efficient, they are normally limited with respect to the kind of terrains where they can reliably navigate. Legged robots, in contrast, generally have the capability of navigating through a much wider variety of terrains (Siegwart and Nourbakhsh, 2004) .
The advantages of mobile robots include adaptability and maneuverability in rough terrains. Because only a small set of contact points between the robot legs and the ground is required, the regularity of the ground does not matter so long as the robot can maintain appropriate ground clearance. In addition, a walking robot may be capable of crossing a hole or chasm if it has an appropriate reach (Estremera and Waldron, 2008) , (Tokhi et al., 2005) .
The analysis of legged robots gaits can be performed in two parts. Firstly, when the leg of the robot is on the air, its behavior is the same as the one of a serial manipulator; secondly, when two or more legs are in the ground supporting the robot's body, its behavior is the same as the one of a parallel robot. In both cases the power consumption may be high, but in the second case it can be increased by the presence of redundancies and system constraints. Thus the search for a minimum energy motion appears as an interesting approach for mobile robots, particularly in those applications where the battery weight is a critical issue.
It is well known that a leg of a legged robot has typically the form of a serial mechanism with a highly nonlinear dynamics. In addition the robot motion is generally subject to both mathematical and geometrical constraints as well as the possible actuator saturation. These features make the problem of computing a minimum energy consumption control law a hard task.
The computation of an optimal law control to minimize the energy consumption during the part of the gait where the robot has two or more legs clung to the ground an its body is moving is proposed in this paper.
The paper is organized as follows. Section 2 discusses the mathematical model of the robot. Section 3 contains both the fundamentals and the mathematical basis for the optimal algorithm proposed. In section 4 the algorithm is presented. Section 5 contains a numerical example that illustrates the application of the proposed algorithm. Finally the conclusions are presented in Section 6.
MATHEMATICAL MODEL OF THE ROBOT
In this section the model of a legged robot prototype named Kamanbaré, which is currently under construction, is discussed. Kamambaré is a quadruped robot intended to climb trees in environmental research tasks (Bernardi and Da Cruz, 2007) . Kamanbaré legs have four rotary joints and a gripper at the end of each one of them. Each joint is actuated by a DC motor. See figure 2.
Trot, where opposite legs move together, is the basic gait of the robot assumed in this work. When a pair of legs is clung to the ground the other one is on the air moving towards new clung points.
In this paper it is assumed that while a pair of legs is clung to the surface, the other one is locked on the air. The platform then moves along the direction of the Y axis (figure 2). This situation is similar to a parallel robot with one closed loop. The closed loop is formed by the legs clung to the surface .
To obtain the dynamical model of the robot the Principle of Virtual Work or Principle of d'Alembert can be used (Tsai, 1999) . The following set of variables is defined: • f i l : resulting force (excluding the actuator force) exerted at the center of mass of link i of leg l.
• f * i l : inertia force exerted at the center of mass of link
• f p : resulting force exerted at the center of mass of the moving platform.
: inertia force exerted at the center of mass of the moving platform,
• n i l : resulting torque (excluding the actuator torque) exerted at the center of mass of link i of leg l.
• n * i l : inertia torque exerted at the center of mass of link i of leg l, n
• n p : resulting torque exerted at the center of mass of the moving platform.
• n * p : inertia torque exerted at the center of mass of the moving platform, n *
• x i l six-dimensional vector describing the position and orientation of link i of leg l.
• x p six-dimensional vector describing the position and orientation of the moving platform.
• δ(·): virtual displacement of (·).
• τ = [τ 11 , τ 21 , . . . , τ n l ]: vector of actuator torques applied at the active joints 1 ≤ i ≤ n at the leg l = 1, 2, ..., 4
In addition the following vectors are defined:
At this point the Principle of Virtual Work can be written as:
As usual the virtual displacement must be compatible with both the geometrical and kinematical constraints of the system. It is thus necessary to express the displacement as a function of a set of independent generalized virtual displacements. In this case it is convenient to choose the coordinates of the moving platform x p as the generalized coordinates (Tsai, 1999) , (Merlet, 2006 ).
where x p , y p , z p are the cartesian coordinates of the platform geometrical center and φ, θ, ψ are the Euler angles used to represent the orientation of the platform (Potts and Da Cruz, 2010) .
Denoting by J p and J i l the jacobian matrices, respectively, of the moving platform and of the link:
then equation 1 leads to
Some dynamical effects like friction were not included in the model of equation (5) although they may be significant for some limbs. In addition, a more accurate model of the leg dynamics could include various sources of flexibility, deflection of the links under load and vibrations (Bobrow et al., 2004) . Nevertheless, this model is sufficiently accurate for our purposes since these effects are not significant for the leg under consideration.
If the number of actuators is greater than the number of degrees of freedom of the robot, there is an infinite number of solutions for τ . Hence a minimum norm solution can be adopted by applying the pseudo-inverse technique.
To solve equation (5), it is necessary to compute: i) the linear and angular velocities of each link, performing the inverse kinematics analysis; ii) the jacobian matrices of the links and of the moving platform; iii) the forces and torques of the links and of the moving platform.
OPTIMAL CONTROL PROBLEM
In the following the classical independent joint control philosophy is considered. Recall that in this case each axis of the limb is controlled as a single input/single output system. Any coupling effects due to the motion of the other links are either ignored or treated as disturbances (Spong and Vidyasagar, 1995) .
The state-space model that describes the dynamics of the DC motor located at i-th joint (1 ≤ i ≤ n) of the l -th leg (1 ≤ l ≤ 4) is given by equation (6).
where:
and
The matrices A i l , B i l , C i l , D i l and E i l depend on the parameters of the i-th DC motor , i ai l = y i l where i ai l is the armature current, K mi l is the electromotive force constant, r i l < 1 is the gear reduction factor, θ mi l is the angular position of the rotor, θ Li l is the angular position of the link, V i l is the armature voltage and τ i l is the load torque. Notice that the input variable u i l depends on both the control variable V i l and the load torque τ i l .
It is well known that the key point of the independent joint approach is the fact that τ i l is multiplied by the gear reduction factor r i l , which is generally much less than 1. Thus the gear ratio reduces the coupling nonlinearities effects present in the limbs dynamics.
Without loss of generality, legs l = 1, 2 are considered in the following. Since we wish to minimize the power consumption, the performance index adopted is the Joule loss in the armature of the motors of both legs:
s.t:
where P i l represents the instantaneous power loss of the motor at the i-th joint of the l -th leg. The values of t f , which is the time required to move the system form its initial to its final position, the maximum armature current I max , the maximum armature voltage V max and the final angular position of the linkθ mi l are given.
This problem is hard to solve because it generally involves a great computational effort, nonlinearities and boundary conditions at two points (Kirk, 1998) . In addition mobile robots need a control response in real-time due to the large number of possible situations to which the robot may face. These are among the reasons for which this paper proposes an alternative solution to the problem (Potts et al., 2008) .
ALGORITHM
The first step to solve the above problem is its discretization in time. For that the time-step is defined as:
for 1 < j ≤ m and m is sufficiently large in order that a smooth solution can be obtained. It is assumed that u i l (t) is a stepwise constant function and u i l (t j ) is used to denote the value of u i l (t) ∀t, ∈ (t j−1 , t j ].
The performance index can be rewritten as:
Using equations (6), (7), (8) , (9) and (14) it can be shown that:
where
In equation 20 matrices Q i l , H i l and G i l depend only on the motor parameters,
Now the problem given by equations (15) to (19) has the form of a Quadratic Programming Problem (QPP) whose solution can be efficiently found by numerical methods (Winston, 1995) .
The algorithm proposed consists of two loops. In the internal loop the QPP is solved for i ∈ A (see figure  3) . Matrices Γ i l and I(t m ) are used to solve equation (6) ). In the external loop the stopping criterion is checked. The internal loop is then repeated until the convergence is reached (see figure 4) .
In general the process is started by assuming an initial torque vector:τ
, where the superscript k is used to indicate the current iteration. With this initial condition the QPP is solved and the vector U (t j ) can be computed ).
If we consider the space R 2n×m and define the vector:
then the iterative process is repeated until the following condition is satisfied:
Once the condition (22) is met the optimal law control U k i l (t j ) has been found for all i ∈ [1, n], j ∈ [1, m] and l = 1, 2. The algorithm is expected to converge since the gear reduction ratio r i l is generally small and the effect of the load torque on the motor dynamics is correspondingly small too.
There are two conditions that must be satisfied to ensure the convergence of the algorithm.
The first one is that matrix Q i l must be positive semi-definite. Notice that this condition is sufficient to ensure the existence of the solution of the QPP when the constraints are satisfied. Since Q i l depends on (t m , A i l , B i l , C i l , D i l ) care must be taken in order to guarantee that such condition is satisfied.
The second one refers to the iterative process. This condition guarantees the convergence of the algorithm and it is based on the Theorem of Contraction Maps (TCM) (Henrici, 1964) . According to it the algorithm converges if L ≤ 1 where:
and J f is the jacobian of the function
Although this second condition is only necessary for convergence, it is useful to indicate whether the problem has an optimal solution or not ).
NUMERICAL EXAMPLE
The initial position and orientation of the moving platform are given by x 0 = [3.92, 0, 2.3091, −0.5404, 0, 0.5404] and the final ones by x f = [3. 92, 2.90, 2.3091, 0.5404, 0, −0.5404] . These coordinates are given with respect to the gripper point of the leg 1, which is the origin of the reference system O attached to the surface.
In view of the geometrical constraints and considering a path unconstrained motion, there are only three independent joints. The active joints can thus be chosen as θ m4 2 , θ m3 2 and θ m2 2 . Based on this choice the complete kinematical model of the robot can be written and the initial and the final angular positions of the joints θ m4 2 , θ m3 2 and θ m2 2 can be computed 1. Matrices A i l , B il , C i l , D i l and E i l , which depend on the values of the electrical parameters of the DC motors, are the same as those from ).
In addition the final time, t f = 60s, the factor of discretization, m = 60, n = 3 and the motors constraints |V max | ≤ 5V and |I amax | ≤ 1A are also given.
Once the condition for the convergence of the method is checked, the optimal solution is computed. Figure 5 shows the optimal angle time histories of the set of independent joints computed by the algorithm. Using these values the angles of the remaining joints as well as the position and orientation of the moving platform can be evaluated (Potts and Da Cruz, 2010) . The results are shown in figures 6 and 7. Finally figure 9 shows the evolution of the optimal energy consumption (in Joules) as the algorithm execution proceeds.
CONCLUSIONS
This paper shows the development of an optimal power consumption algorithm applied to the operation of mobile robots. Although the problem is nonlinear and considerably complex the proposed algorithm reduced to a sequence of classical QPPs.
A quadruped robot intended to climb trees has been taken as the object of study. The situation where two opposite legs are clung to the surface of motion and the other two are locked in the air has been considered. In this case the robot assumes the form of a closed chain. The dynamical model of the robot was obtained by using the Principle of Virtual Work.
In the example shown the algorithm produced the optimal solution at its sixth iteration. This fact suggests that the proposed procedure may be promising for application to real-time control of mobile robots. 
